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Mon 28jan193. Linear Variation Method Boot Camp

Hij = Hamiltonian matrix
Sij = Overlap matrix



(H11 − E) c1 +         H12 c2 = 0
H21c2 + (H22 − E) c2 = 0

where H12 =  <Φ1|H|Φ2>,   the "interaction" of the two basis functions,
H11 =  <Φ1|H|Φ1>,   the "energy" of Φ1,
H22 =  <Φ2|H|Φ2>,   the "energy" of Φ2,

and E     =  <Ψ|H|Ψ>.     the expectation value of the energy using the trial 
function.

For a non-trivial solution (c1 and c2 not both zero), the determinant of the 
matrix of numbers multiplying the coefficients c1 and c2 must vanish, i.e.,  

(H11 −E) (H22 − E) − H21 H12 = 0  quadratic equation; Solve for E
E2 – E(H11 + H22) +(H11H22 − H21 H12)= 0  quadratic 

Ψ = c1 Φ1 +  c2 Φ2
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Linear Variation with 2 orthonormal, real, basis functions

Because H12 is real
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(H11 – E)c1 +    (H12)c2 = 0   

(H21)c1 +   (H22 – E)c2 = 0

(α1 – E)c1 +    βc2 = 0   

βc1 +   (α2 – E)c2 = 0=

Solving for Ψ = c1 Φ1 +  c2 Φ2 means solving for c1 and c2

The determinant from the N simultaneous 
homogeneous equations = 0 is a constraint that 
means that you can only solve for the ratio of 
the coefficients.
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(α1 – E)c1 +    βc2 = 0   

βc1 +   (α2 – E)c2 = 0

The determinant from the N simultaneous 
homogeneous equations = 0 is a constraint that 
means that you can only solve for the ratio of 
the coefficients.
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E c c
c
c E

c E c

Ec
c

α β
β

α

β α

α
β

− = −

−
=

−

= − −

− −
=

( )
( )

( )( )

21

2 1

1 2

because:

0 determinant = 0

Ec
c E

E E

αβ
α β

α α ββ

− −−
= =

−

− − − = =Why must these be equal?



2) If the interaction is negative, i.e..

If H12 is negative the lower-energy eigenvector coefficients have same signs and 
those for 
the higher energy are opposite in sign.  Vice versa if the interaction is positive.
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If H12 POSITIVE, then lower-energy eigenvector coefficients have opposite signs 

Denominator is + for lower state

Numerator is + for upper state  higher E > α2

The sign of β depends only on the phases chosen arbitrarily for the basis set, because: 

the Hamiltonian is ALWAYS NEGATIVE in quantum chemistry, due to Coulomb’s
Law and electrons seeking to be near positive nuclear charge.



4) If the energies of the basis functions (the diagonal elements) are not equal, 

the lowest-energy eigenvector will be mostly the lower-energy basis function and the 
higher energy eigenvector will be mostly the higher energy basis function.
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Raising:      E2 - α2
Lowering:   α1 - E2

are NEVER larger than |β|  as shown by 
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(c) Demonstrate the following general facts 
concerning linear variation calculations for two 
orthogonal basis functions.  Give at least two
numerical examples for each case. 

3. Linear Variation Method



1) One of the eigenvalues is always lower than the lowest 
diagonal element; the other is always higher than the highest 
diagonal element, no matter what the sign of the interaction 
(off-diagonal element).  In other words, mixing always 
pushes the two states apart.

2) If the interaction is negative, the lower-energy eigenvector 
coefficients are the same sign and those for the higher 
energy are opposite in sign.  Vice versa if the interaction is 
positive.

3) When the diagonal elements are equal (degenerate) the two 
basis functions are mixed equally, no matter what the 
interaction is (provided it is not zero) and the eigenvalues are 
equal to the diagonal element ± the off diagonal element.



4) If the energies of the basis functions (the diagonal elements) 
are not equal, the lowest-energy eigenvector will be mostly the 
lower-energy basis function and the higher energy 
eigenvector will be mostly the higher energy basis function.

5) The farther apart in energy the two basis functions are, the 
less they mix (assuming a constant interaction).

6) The larger the magnitude of the interaction, the more the 
mixing (assuming a constant diagonal energy difference).

7) Adding a constant to both diagonal element shifts the 
eigenvalues by this constant and has no effect on the 
eigenvectors.  (This is known as shifting the zero of energy.)



To find the eigenvalues and eigenvectors either use 
the equation in part 1 or use a computer program, e.g. 
from the internet:
http://www.colby.edu/chemistry/PChem/eigen.html,  

http://www.bluebit.gr/matrix-calculator/ , etc.
0 1 0 0 0 1
1 0 1 0 0 0
0 1 0 1 0 0
0 0  1 0 1 0
0 0  0 1 0 1 
1 0 0 0 1  0

http://www.colby.edu/chemistry/PChem/eigen.html
http://www.bluebit.gr/matrix-calculator/
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8)   Perturbation limit:

For the matrix above , where α1 < α2 and  |β| << (α2 − α1), and 
where 
ψ1 =  c11Φ1 + c21Φ2,     and          ψ2 = c12Φ1 + c22Φ2 , show 
that:



From this point on we will DIAGONALIZE the H matrix 
to get the eigenvalues and   eigenvectors (coefficients)



From this point on we will DIAGONALIZE the H matrix 
to get the eigenvalues and   eigenvectors (coefficients)









Diagonalizing a matrix to get eigenvalues and eigenvectors

C-1 HC = C-1 C E = IE = E
where, E is a diagonal matrix that has the 
eigenvalues on the diagonal.
E = E1 0 0 0…

0 E2 0 0 …
0  0  E3 0 … 

C-1 = CTransposEFor a real, symmetric matrix:

C-1 = CadjoInT = [CTransposE ]*For a Hermitian matrix:

HC =      C E
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