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A quick example of a Non-Linear Variation is using the exact form of the ground state
wavefunction for a hydrogen-like atom or ion.
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approx approx

= —/Z=a-2=0

Therefore, the value of a giving the lowest (or highest) = Z,
which we know is also the exactly correct solution.

Note: Because 1s(r) = proportional to e, a has units of length! and a? has units of
length2, i.e., the same units as hzﬁz in atomic units.
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The He Atom

Another interesting example is the He atom.
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Exact (Experiment)

Consider the simple

- Yz

e <

are as follows:

This assumes the presence of
another electron does not affect
the size of the orbital

E

-2.848«— | owest E by varying a

-2.86 <

This means use W=f(r,) f(r,) with

~2.90 NO restrictions on the shape f(r)

The Hartree SCF wavefunction, whose only restriction is that

fU = product of orbitals @5 (L @ (2) and allows any shape

whatsoever for 2

cannot give the right answer!

This proves, to me

anyway, that we must think of the electrons in atoms as point charges

which do dodge one another

correlated;

doing so, the energy is lowered by .04 a.u. =

because of the repulsion.

they, to some extent, stay on opposite sides of the atom.

The motion is

“lev = 23 kcal/mole.



That is called the| correlation energyland is pever accounted for by a

single configuration, product-of-orbitals type wavefunction. In the

Chemistry literature you will more and more run into the term

configuration-interaction (CI).| The reason is that,by making a linear

combination of configurations, electron correlation is introduced. That

is by using

L//,F_c‘cf)“;m Cif_é“ + Olcﬁzg)c’[};;& + C’BCE(\_? d)?_%) e

and varying the coefficients, ¢y, Cys C3 . « . . , One may obtain the
exact energy if enough configurations are used. This is also known as

mixing configurations.



The vast majority of variation calculations done by chemists involve
the linear variation method, an example of which was just given. It is
also the basis for constructing molecular orbitals (MO's) from atamic

orbitals (AO's). The general idea is to construct 40 as

[%/:: G/@f f"C?_¢2 *C;CZSB-P-_-,,

and find the "best" ‘-rU by varying the ¢;'s until the energy is a
minimum. The Cbi's are called the basis set or the basig functions.
They are usually AQ's if constructing MO's, or configurations if
constructing a many-electron wavefunction. They obviously must all be

the same thing (you can't add apples and orarnges).



|” " You are going to be asked to develop an “intuition" about doing

\1inear variation calculations involving just two basis functions, a |
7

{iittle like learning the multiplication table (and ceric.ainly_:lgitjlm;g )
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Only by doing this will you start to feel comfortable with quantum chemistry.

Your goal is to become so familiar with the pattern of results that they become
simple truths to you. You will be able to predict the nature of mixing of wave
functions, and splitting of energy levels.



The General Form -
Well, almost general. We will work only with real functions to maki

the notation ©4sieyvy . We said

6[/1 <, ¢1 + Co Gb‘t +C3 cbg“‘- s T
We need to write E _ \5,7(/)_'] (ﬁd‘/

S FE v
as a function of the c;'s and thjenaninimize E with respect to
varying each cj. Unique values of the ¢y's are not found, but a unique
ratio of c;'s is found. All this means is that the resulting 4Z/ will
not necessarily be normalized; we can rormalie €asily if you know the

ratio of ¢;'s. Thus, substituting for l,y

S(C, Cb! +Cy c,01+ C;CD;-,) ~ (C, qbf — czdbz +Q3d}l+‘__>

E = =
S(C.dp‘ S Ca B, 4Cf, ) dV

Now define Hjy = g- b WD dv

and §; = g Oy by dv



H;+ is called the Hamiltonian matrix element between d)i and Qﬁj: it

J
is also referred to as the interaction between éi and ij. Sij' you
should recognize as the overlap integral of qbi and ‘ig. With these
definitions we get:

E = cycqHy] + cpcgHpp + C3C3H33 + 0 0 v o o
+ CjCoHyo + €jC3Hj3 + CoC3Hog + e o 0 o o
+ CpCyHyq + C3CH3 + C3CpH39 + . o v all divided by:

C1C1S11 + C©2C89 + €3€3533 + «

+ C1C2512 + ClC3sl3 + 0203523 + . .

+ CzClSzl <+ CBClS31 + C3C2S32 + o .
But, since we are using real functions S5 = Sy and Hyp = Hyp so we can
rewrite E as
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Now we wish to find the slope of E with respect to each c¢; and set it

LI
=0, i.e., JE =0 for each ¢
a Ci
But recall the formula for the derivative of a quotient:
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and after multiplying by Bottom on both sides and recognizing that

Top
E =
Bottom
we get:s
22 Top o Bottam
- E =0
& S
2 Top
Now note that —_— 2HllCl + 2H12C2 + 2Hl3C3 O
acl
or 2 Top
ST, = 2Hi1C1 + 2Hi102 4+ 2Hi3C3 g 5 Bl ElE
and likewise for o) Bottam

Qci
Now, after dividing by 2 on both sides,one has n equations of the form:

for i=1ton
This may be compacted slightly as Z (Hij - ESij) ¢y = 0
J

for i =1ton
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For a case of 3 basis functions it looks like this:

(H =S EXC, + (Hp-5mE)C, + (Ha-9n8)(,= ©

(\‘\Z-I-SZIEJCr + [Hzl"guﬁ-) ¢, & (\‘\ZE—S&E}QS = 0

(l—\3,— %:,,)C, - (H?n."%;z?—) 2. &= CH‘%‘S%E)C-b = D

Almost always we will use an orthonormal basis set, which means:
S;=1andS;=0ifinotequal]j

(Hy; = E)e, + (Hy,)c, + (Hys)es =0
(H,,)c, + (H,,—E)c, + (Hy)c, =0

(Hy,)c, + (Hj,)c, + (H33—E)c; =0

A set of N simultaneous homogeneous linear equations

THIS IS WHAT YOU WANT TO MEMORIZE!
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Case of Two Orthonormal Functions

Now if we choose LP =Cy (D 1+ ¢S 432 for such a basis we immediately

know to write:

(Hll - E)Cl + H1202 0
Hyjcy + (H22 - E)Cz =0
We shall call Hjp=Hy) = @ andHjy) = W1r Hpp = ©K 5 and for these

discussions pick &7 < 5.

(Hi—E)c; + (Hp)e, =0 (O, —E)c, + Pc, =0

H + (H,,—E =0
(Hasdes (R = E)cs Be, + (O3 —E)c, =0

Language: a, is called the “energy of ¢, , a., is called the “energy of ¢,
and B is the “interaction of ¢, and ¢,



What is always the requirement to solve
set of N simultaneous homogeneous linear equations?

THE DETERMINANT of the MATRIX OF NUMBERS
MULTIPLYING THE COEFFICIENTS MUST =0

or ( D’\l—E)( X o=E) - (-32 =0
or Ez—( 0{14‘ D\’z)E‘i‘ b(lo< 2= %2=0
or QB2+ bLE+c=0

The quadratic formula then says

Eo —br B tac = (rta) pp G o st 4
- —pr [Sotac )¢y

23
which can be shown to be

N
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£ = it GET P

Making the transformation to this very useful form will be part of the next
homework.

What does it tell you when the two energies are degenerate?

the splitting is just 2 ,’5 and E =X & ‘5

/———— X +| e
\/ o= |3\
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£ = st £ Gy - P

What if O, and O, different?
What if O, and OL, different?

N\

/
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E = 0<i+°<

What if O, and O, different?

N
N

yeEY -
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The next homework will teach you more details, and on a
couple quizzes you will be asked to solve 3 of these 2x 2 ina
few minutes—after a training session or two ©.
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