
A quick example of a Non-Linear Variation is using the exact form of the ground state 
wavefunction for a hydrogen-like atom or ion.
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Therefore, the value of α giving the lowest (or highest) = Z,
which we know is also the exactly correct solution. 

Note:  Because 1s(r) = proportional to  e-αr, α has units of length-1 and α2 has units of
length-2 , i.e., the same units as                        in atomic units.2 2
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This means use Ψ=f(r1) f(r2) with 
NO restrictions on the shape f(r) 

This assumes the presence of 
another electron does not affect
the size of the orbital 

Lowest E by varying α
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Only by doing this will you start to feel comfortable with quantum chemistry.

Your goal is to become so familiar with the pattern of results that they become
simple truths to you.  You will be able to predict the nature of mixing of wave
functions, and splitting of energy levels.
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THIS IS WHAT YOU WANT TO MEMORIZE!

Almost always we will use an orthonormal basis set, which means:
Sii = 1 and Sij = 0 if i not equal j

(H11 – E)c1 +    (H12)c2 +   (H13)c3 = 0   

(H21)c1 +    (H22 – E)c2 +   (H23)c3 = 0

(H21)c1 +    (H32)c2 +   (H33 – E)c3 = 0 

A set of N simultaneous homogeneous linear equations
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(H11 – E)c1 +    (H12)c2 = 0   

(H21)c1 +   (H22 – E)c2 = 0

(α1 – E)c1 +    βc2 = 0   

βc1 +   (α1 – E)c2 = 0
=

Language: α1 is called the “energy of ϕ1  ,  α2 is called the “energy of ϕ2
and β is the “interaction of ϕ1  and ϕ1 
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What is always the requirement to solve 
set of N simultaneous homogeneous linear equations?

THE DETERMINANT of the MATRIX OF NUMBERS
MULTIPLYING THE COEFFICIENTS MUST = 0
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Making the transformation to this very useful form will be part of the next
homework.

What does it tell you when the two energies are degenerate?
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What if α1 and α2 different?
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What if α1 and α2 different?
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The next homework will teach you more details, and on a 
couple quizzes you will be asked to solve 3 of these 2 x 2 in a 
few minutes—after a training session or two .
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