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CIS-type Excited states with DFT
Use the td keyword meaning time dependent DFT, 
Search for excited state in the .out file.
Example:
%chk=straw-cis.chk
# b3lyp/3-21g pop=reg td(nstates=3)

Strawberry excited singlet states

-1  1
C                  0.288553   -0.419651    1.468809
N                 -0.254081   -0.324906    0.287482
N                  0.585932    0.922271    1.993822
….
Feels just like using CIS with wavefunction methods
Excited states obtained by finding resonant frequencies by appling an 
oscillating electric field.
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Symmetry and Group Theory
Goal of this section

1.  To relate symmetry operations and group theory 
language to general theorems of quantum mechanics and 
matrix techniques used in this course.    

2. In particular, clairify the concepts of representations, 
irreducible representations, bases of representations,
"character", and how to read a 
character table.  

3. Orthogonality of characters;  projection operators



The set of “eigenvalues” (commonly called “characters”) of the 
set of symmetry operators for a molecule are used to classify
wavefunctions, and products of wavefunctions and operators. 
(just as s, p, d, f, ... classify atomic orbitals as to eigenvalue of L2.)

Great utility comes from one simple fact: 
For a symmetric molecule, if Ψ1 and Ψ2 have different symmetry 

classification, then

because nodes in the product Ψ1*Ψ2 ensure that the negative 
parts of the integral cancel the positive parts

0d* 21 =ΨΨ∫
∞

∞−

τH
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Thus, knowing symmetry classifications of wavefunctions 
(which come from character tables), GREATLY simplifies linear 
variation calculations, and other calculations that depend on knowing
matrix elements.

Trying to mix functions with different symmetry will not help lower the 
energy.  

For example if Ψ1 and Ψ2 have “symmetry” A2u and Ψ3 and Ψ4 have 
“symmetry”:  B1g ,then the H matrix becomes block diagonalized, i.e., 
the 4x4 matrix become two completely separate 2x2 matrices, which 
you can do approximately in your head :).

H11 H12 H13 H14
H21 H22 H23 H24
H31 H32 H33 H34
H41 H42 H43 H44

H11 H12 0     0
H21 H22 0     0
0     0 H33  H34
0     0     H43 H44
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Direct product

operatorany  isA   where,d*integral, The 21 τΨΨ∫
∞

∞−

A

The word "totally symmetric" refers to a function that 
ALWAYS goes into itself upon ALL symmetry operations for 
the molecule.  Typically called A1g or Ag, it is the irreducible 
representation type whoses characters are ALL = 1

MUST have a "totally symmetric" component, or else it will be = 0
because nodes in the product Ψ1*AΨ2 ensure that the negative parts of the 
integral cancel the positive parts
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τd*integral, dipoleion  x transitThe 21 ΨΨ∫
∞

∞−

x
Example: operator x = E1u , and ψ1 is Ag ground state, then  need 
ψ1 = E1u  i.e., only transition to  E1u are dipole allowed.  x and y are 
equivalent.
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Orthogonality and Symmetry Projection Operators 

The "Great Orthogonality Theorem States that the rows 
of characters are orthogonal vectors.

This allows one to project out any symmetry 𝜞𝜞 from any 
one of the basis functions,Φ :
ΨΓ =∑1𝑛𝑛 χ𝜞𝜞𝑖𝑖𝑂𝑂𝑖𝑖 Φ
where = 𝑂𝑂𝑖𝑖 is the ith symmetry operation,

and χ𝜞𝜞𝑖𝑖 is the character for the ith operation of 
𝜞𝜞 symmetry. 
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I C3
+ C3

-

A 1 1 1
E 2 -1 -1

EXAMPLE: The 3 1s atomic orbitals (AOs) on the H atoms of 
ammonia.  The point group is actually C3v, but nothing new is to be 
learned regarding the concept of irreducible representations by 
including the vertical plane symmetry elements, so we will just use 
the subgroup C3, whose character table is"

where I is the identity operator, C3
+ is clockwise, and C3

- is counter 
clockwise.  Let the basis set be the 3 1s Aos: φ1 , φ2, and φ3 with 
orientation as shown.
1. Generate a linear combination from this basis set that has "A" symmetry, i.e., is a basis for the A irreducible representation.

ΨA = 1 x I x φ1 + 1 x C3
+ x φ1 + 1 x C3

- x φ1 = φ1 + φ2 + φ3

(The same result is obtained operating on φ2 or φ3, obviously.)

2. Generate a linear combination from this basis set that has "E" symmetry, i.e., is a basis for the E irreducible representation.

B  b th th  E d th  h t  2 f  th  Id tit  ti  i if  d bl  d   d t  t  t  i d d t li  
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1. Generate a linear combination from this basis set that has 
"A" symmetry, i.e., is a basis for the A irreducible 
representation.

ΨA = 1 x I x φ1 + 1 x C3
+ x φ1 + 1 x C3

- x φ1 = φ1 + φ2 + φ3

(The same result is obtained operating on φ2 or φ3, obviously.)

I C3
+ C3

-

A 1 1 1
E 2 -1 -1
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2. Generate a linear combination from this basis set that has "E" 
symmetry, i.e., is a basis for the E irreducible representation.

Because both the E and the character 2 for the Identity operation 
signify double degeneracy, we need to generate two independent
linear combinations.
ΨE1 = 2 x I x φ1 + (-1) x C3

+ x φ1 + (-1) x C3
- x φ1 = 2 φ1 - φ2 - φ3

ΨE2 = 2 x I x φ2 + (-1) x C3
+ x φ2 + (-1) x C3

- x φ2 = 2 φ2 - φ3 - φ1

[If we operate on φ3 we get ΨE3 =  2 φ3 - φ1- φ2 , but this not independent 
because  ΨE3 = - (ΨE1 + ΨE2)  ]

Now, if you make a rough estimate of the energies of these MO 
fragments in units of H12 by making an H matrix with 
H11=H22=H33 = 0 and H12 = H13 = H23 = -1 and use Colby 
Diagonalizer

I C3
+ C3

-

A 1 1 1
E 2 -1 -1

http://www.math.ubc.ca/%7Eisrael/applet/mcalc/matcalc.html
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0
H=    -1    0

-1    -1    0
From Colby Diag.

Eigenvector 1: E=1
0.707107
-0.707107
0
-------------

Eigenvector 2: E=1
-0.408248
-0.408248
0.816497
-------------

Eigenvector 3: E= -2
0.57735
0.57735
0.57735
-------------

They tell you that ΨA is indeed a normalized version of φ1

+ φ2 + φ3, and is the lowest energy.   For ΨE1 and ΨE2 ,you 
indeed find the energy to be degenerate and much higher, 
as it should be because of antibonding.  
One of the eigenvectors is 2 φ3 - φ1 - φ2 , which looks 
like what we got operating on φ3. 

but the other is φ1 - φ2. Where did that come from? 
Two  hidden aspects that are common to programs 
that diagonalize symmetric matrices:
1) All eigenvectors are made orthogonal, even though this 
is not a requirement for degenerate eigenvectors.  
2) There is a slight asymmetry (apparently) in the numerical 
behavior of the computer they use which breaks the symmetry 
such that there is effectively a plane of symmetry going through 
atom 3 and bisecting the 1-2  bond.  The E functions are perfect 
to 5 decimal places eigenfunctions for reflection about that 
plane with eigenvalues +1 and -1.  This is not the case with all 
computers.
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Eigenvector 1: Eigenvalue=1
0.816497
-0.408248
-0.408248
-------------
Eigenvector 2: Eigenvalue=1
-1.67295e-8
-0.707107
0.707107
-------------
Eigenvector 3: Eigenvalue=-2
0.57735
0.57735
0.57735
-------------

Another diagonalizer on same 
matrixwith perfect symmetry 

-2.0000        1.0000      1.0000 
1    -.577350   .788133  -.213336
2    -.577350  -.578821  -.575875
3    -.577350  -.209312   .789212

The pair of degenerate eigenvectors are UGLY, but, 
you can show that they form a basis for the E
irreducible representation, creating 2x2 
representative matrices with trace =2, and have the 
correct multiplication properties.

You can beautify these ugly eigenvectors with two
linear combinations that give: 2φ1 - φ2 - φ3 and φ2 - φ3

Colby with H11 = 1 x 10-8
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